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•^^ ' Abstract 

__ ' We investigate tlie possibility of constructing a supergravity back- 

-vj . ground dual to the quark-gluon plasma using D6-branes wrapping a three- 

cycle in the deformed conifold. The UV-completion of this setup is given 
by M-theory on a G2 holonomy manifold. For the class of metrics con- 
sidered we find that there are only non-extremal D-brane solutions in the 
limit of the singular conifold with the singularity being resolved by the 
Mh, D-brane horizon. The thermodynamic properties of the system show some 

puzzling features, such as negative specific heat at an unusual behavior of 
the entropy. Among the properties of the plasma studied using this holo- 
graphic dual are the quark-antiquark potential, the shear viscosity and 

C^ ' parton energy loss. While one finds the expected behavior for the poten- 

^ ' tial and the viscosity - deconfinement and the universal shear-viscosity 

C^ , to entropy ratio - both the jet quenching parameter and the calculation 

of the drag force lead us to the conclusion that there is no parton en- 
ergy loss in the dual plasma. Our results indicate that the background 
constructed is not dual to a realistic QGP, yet we argue that this should 
improve upon inclusion of the three-form gauge potential in the eleven- 
dimensional background. 
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1 Introduction &; Summary 

As it is well known, the gauge/string theory correspondence relates strongly 
coupled gauge- with weakly coupled string theories and vice versa [TJ [21 [3]. 
Further developments in the field lead to studies of the non-perturbative quark- 
gluon plasma (QGP) as produced in relativistic heavy ion collisions [H El El E] 
or as relevant to the physics of the early universe and super dense stars. Among 
the items that were studied using a gravity dual are the plasma's shear viscosity 
[1], photoproduction '^, jet-quenching [T^, and drag force 11 . [j 

A large portion of the research conducted in this area centers on A/" = 4 
super Yang-Mills and AdS/CFT in its best understood form, D3-branes in type 
IIB theory. Apart from the fact that this is the most tractable of gravity duals, 
one reason for choosing A/" = 4 is that albeit having properties very different 



^A recent review on the uses of gauge/string duality and QGP physics is |12) . The general 
properties of the plasma in general and RHIC physics are summarized in |13l and |14| . 



from those of QCD at T = 0, the two theories start to appear more and more 
siniiUar as soon as there is finite temperature. Despite these successes how- 
ever a complete study of QGP physics based on string theory demands for an 
investigation of the T ^ behavior of other gravity duals showing a stronger 
resemblance to QCD even at zero temperature. Some work in this direction was 
undertaken in [HI [H [H [HI [Hj 

In this paper we investigate the possibility of constructing a supergravity 
background dual to an A/" = 1 QGP based on D6-branes wrapping an S^ in the 
deformed conifold. In order for some supersymmetry to be preserved, the field 
theory living on the world- volume of the branes has to be topologically twisted 
[20j . Apart from the usual gauge/gravity correspondence, the theory exhibits 
a further large N duality, the conifold transition, whose history starts with 
[5T]. Here it was shown that topological string theory on a blown up Calabi- 
Yau conifold is equivalent to Chern-Simmons gauge theory on S^ at large TV. 
This duality reappears in the context of the AdS/CFT correspondence when 
considering N D6-branes wrapping an S^ in the deformed conifold [22], as the 
conifold transition connects this setup to type IIA string theory on the resolved 
conifold without any branes but with N units of Ramond-Ramond flux through 
an S'^. Independently of whether one starts from the resolved or the deformed 
conifold, when lifting to M-theory the geometry is that of the spin bundle over 
S^, a manifold with G2 holonomy [23], and the duality takes the form of the 
flop transition [53]. The connection to 8-dimensional gauged supergravity was 
established in fI5\ . 

The duality resurfaces in the gauge-theory as follows. For A — Ngyj^j = 
Ngs ^ 1, the gauge-theory is best described by the N D6-branes wrapping 
the S^. For large 't Hooft coupling however, one needs to consider the branes' 
gravitational backreaction and makes therefore use of the resolved conifold. 
The theory is pure Af — I super Yang-Mills with additional massive degrees 
of freedom from Kaluza-Klein reduction. We will see it is not possible to fully 
decouple these modes. Also, as was already shown in [5S] for the case of flat 
D6-branes, one cannot expect the gauge theory to fully decouple from gravity. 

If one wants to use this gravity dual to study the QGP, one needs to add a 
black hole to the supergravity background. As the theory is purely gravitational 
when lifting to eleven dimensions, the equations of motion take the simplest form 
possible here, 

i?M- = 0, (1.1) 

making this the best place to perform the search for a black hole solution. As 
we find in section |31 if one wants to keep the ansatz for the new metric as simple 
as possible by making the substitutions 

d'^fip)d' dp'^^y (1.2) 

there is a non-trivial solution if and only if one makes the geometry of the 
G2 manifold singular. The unique solution is then f — 1 — p^^/p^, where the 
singularity at p = is hidden by the horizon ph > 0. When studying the 
thermodynamics of this new solution, wc will see that the black hole behaves 
in many ways as the ordinary Schwarzschild solutions in four and eleven di- 
mensions. I.e. the temperature is proportional to the inverse of the horizon, 
T — j^: and the specific heat is negative. As the horizon of the black hole 



covers the six-dimensional base of the internal G2 cone, the entropy behaves 
ds S <x p\, leading to the surprising relation S oc T~^. While our subsequent 
calculation of the quark-antiquark potential and the shear-viscosity show the 
expected results, that is confinement and a shear-viscosity to entropy ratio of 
77/s — l/47r, the discussion of parton energy loss leads to a puzzling pathological 
property of the solution. The energy loss as calculated from the jet-quenching 
parameter and the damping coefficient of the drag force are both vanishing. 

The organization of the paper is as follows. Sections [2] and [3] are dedicated 
to an extensive review of the string theory and its gauge dual at zero tempera- 
ture. Here our discussion starts with eleven-dimensional supergravity and then 
proceeds via type IIA to the four-dimensional super Yang-Mills theory. As we 
will make extensive use of the machinery of Wilson lines, we shall give a brief 
introduction to this subject before calculating the quark-antiquark potential, 
paying special attention to the boundary conditions imposed on worldsheets 
used to calculate Wilson lines. After these preliminaries we finally turn to the 
subject of finite temperature. The discussion mimicks that of the T = case 
in that we will start from the eleven-dimensional gravity dual (section |3]) and 
then progress via type IIA to the gauge-theory (section [S]). Here we study the 
quark-antiquark potential, the shear-viscosity, and parton energy loss as it is 
parametrized by the jet-quenching factor q and the drag-force. The conclusions 
in section [6] are followed with an appendix reviewing the bundle structure of the 
three-sphere (appendix \^ . 

As we mentioned earlier, sections El [51 and El contain mostly review materialo 
The reader familiar with the items discussed here might therefore prefer to start 
with section JH referring to the others when necessary. 

2 The supergravity dual at zero temperature 

We begin with a review of the supergravity dual of the zero temperature theory. 
Depending on the energy scale of of the processes one would like to study this 
is either eleven-dimensional M- or ten-dimensional type IIA string theory. We 
follow a top-down approach, starting with the UV regime given by M-theory 
and ignoring the properties of the dual field theory until section [3| 

2.1 M-theory on the G2 holonomy manifold 

We will see shortly that the gauge-theory we are interested in is living on the 
world volume of N D6-branes wrapping a calibrated three-cycle in the deformed 
conifold. As mentioned before, the UV completion of this theory is given by 
M-theory on the spin bundle over S^ , a manifold with G2 holonomy. This setup 
was discussed in [Ml El]- This background is purely gravitational (i.e. all fields 
except the metric are set to zero) and given by the metric 

Ignoring the four dimensions of Minkowski space, R"^^^, this has asymptotically 
the structure of a cone with base S'^ x S^. Each sphere is parametrized by a set 



^However the discussion of super Yang-Mills coupling constant in section f3. II and the qq- 
potential in section [3.51 have not been published in the literature so far. 



of one- forms w"" , whose explicit form is 



w^ — cos (hcB + sin 9 sin 



w — sin (pd) — sin 9 cos tfxip (2-2) 

„„3 _ 



) + cos 

with 

6* € [0, tt] G [0, 27r] V G [0, 47r] . (2.3) 

Also note that p € [a, cx)). dc^ 3 denotes the usual metric on R^'^ with mostly 
positive signature. 

A look at the metric tells us that in opposite to S^, S^ has a finite radius a 
as we take p —^ a. This resolves the singularity at p = a. Naturally one could 
also have picked the other sphere, S^, to do this. Defining the volume of S^ in 
this case to be —a with a < 0, it appears as if the moduli space of M-theory on 
this space is given by a e M \ {0}. I.e. the moduli space decomposes into two 
disconnected components. If we wanted to move from one sector to the other, 
we'd have to pass through the singularity. However, as Atiyah, Maldacena, and 
Vafa showed [24j , it is indeed possible to continuously pass from one component 
to the other. The point is that M-theory contains also a three-form potential 
C(3) , and turning on a C(3) flux through one of the spheres smoothens out the 
singularity. Denoting the flux by C and writing a + t J„,j C, they showed that 
the true moduli space is the punctured complex plane consisting of a single path 
component. The resulting duality is known as the flop transition. 

As mentioned, the metric ()2.ip has G2 holonomy. Being a subgroup of 
50(7), G2 may be embedded into Spin(7). The spinor representation of the 
latter is an 8, which decomposes for the G2 subgroup as 7® 1. Transporting 
any spinor $ around a closed loop, it transforms as 

* K^ dg* ge G2, (2.4) 

where dg denotes a suitable representation. Only the singlet is invariant under 
this operation. Discarding all those spinor fields transforming unde the 7 leaves 
us with g of the original supersymmetry. As we started with 32 supercharges, 
we are now dealing with a theory with 4 supercharges. 

2.2 Wrapped D6-branes in type IIA string theory 

A brief look at appendix El tells us that S^ is a.U{l) principal bundle over S^. 
Thus when flowing towards the IR regime, and the size of the eleventh direction 
decreases, it is natural to perform a dimensional reduction along one of the two 
S^s leading to an effective description in terms of type IIA string theory on a 
space with topology 

Ri'3 xR+x S^ X S^. (2.5) 

If we choose an 5'"'^ in the singular three-sphere, S^ C S^, the resulting geom- 
etry is a singular S^ and a non-singular S^ known as the deformed conifold. 



See fig. 1(a) The converse case, the resolved conifold, is depicted in fig. 1(c) 
In general the conifold, as discussed in 527,] , is a six-dimensional non-compact 
manifold which is a cone with base S^ x S^. As depicted in fig. 1(b) there is a 



singularity at which both spheres have a vanishing radius. From a mathemati- 
cian's point of view one deals with this singularity by giving one of the spheres a 




type IIA theory discussed in section 
non-vanishing S^ 





Figure 1: The deformed 1(a) singular |l(b)[ and resolved 1(c) conifold. In the 



there are N D6-branes wrapping the 



1(a) while in in the dual geometry 1(c) the branes have 



disappeared and been replaced by a two-form flux F2 



finite radius, leading to the deformed and the resolved conifold. Physics allows 
for the following interpretation of thiqfl [Ml HH] : If one considers the singularity 
as the a — ^ limit of the deformed conifold, there is a logarithmic singularity in 
the metric. This may be interpreted as the result of having integrated out a field 
whose mass is dependent on a, m = m(a). When approaching the singularity. 



m{a) 







0. 



(2.6) 



Therefore the physical interpretation of the singularity lies in the fact that one 
has attempted to integrate out a massless field. As we will see in section 14.11 
however, the finite temperature theory makes use of another method of dealing 
with the singularity. The theory will be defined on the singular conifold with 
the singularity hidden behind a black hole's event horizon. 

The string theory equivalent of the flop transition is the conifold transitionf22] ■ 
It relates the two geometries via a large N duality. For small 't Hooft coupling 



A 



Ng'YM 



Ngs < 1, 



(2.7) 



one considers a stack of N D6-branes wrapping the non-singular S^ in the 
deformed conifold. Taking the 't Hooft coupling large on the other hand one 
cannot neglect the branes' backreaction and does therefore pass to the resolved 
conifold. Here the branes have disappeared and been replaced by N units of 
two- form flux through the now blown up S^. 

Being interested in a strongly coupled quark-gluon plasma, we choose to 
reduce along the non-singular S^ C S^. Before doing so, we have to identify the 
S^ fibre along which we want to reduce. A generic three-sphere may be written 
as 

53 = {(zo,zi) e C^ll^oP + kip = !}■ (2.8) 

The coordinates zo,i are related to those of (|2.2p by 



zo = cos -e 2 

i:-4> 

zi = ism-e 2 . 
2 



(2.9) 



■^The interpretation of the singularity in terms of having integrated out a massless field 
appears in |28) for the generic case of string theory on a deformed conifold. We did not 



explicitly verify that it holds in our case. 



(|A.3p tells us, that the projection S^ ^ S^ acts on this as 

-icot-e*^'^ ^^0 

,^ (2.10) 

itan-e^*^'^ O^tt, 
2 ^ 

depending on the coordinate patch. One sees immediately that the fibre coor- 
dinate is ip, as it does not sm'vive the projection. 
Before actually reducing we mod out by 

Zn CS^ C S^. (2.11) 

This means a change in the periodicity of ip, 

ij e [0, 27r] -> V- e [0, 271 /N] , 

- 4 (2.12) 

As we will see soon, N gives the F2 flux through S'^ and therefore the number 
of D6-branes present in the dual type IIA geometry. 

In order to perform the reduction, we could simply expand the metric. How- 
ever, there is a smarter way to go about this. Defining 

n'^ = 'w'^ld^\ = (sin6'sin^,-sin^cos^,cos^j , (2-13) 

we may rewrite the metric (j2.ip in terms of a new set of differential forms w" 
independent of dp^ 

w" = w''+n''^. (2.14) 

Writing /3 = 1 — 0? / p'^, we obtain 

*M = cfci,3 + -f + -^ ^ + y^^ ~ —I3w.w 

pM3+|) 2^2 (J^^_^ + ^^pn.w - ^Pn.w] adp (2-15) 



^ ^ 2e"r A 



(1) 



We included several factors of a to make sure that everything has the correct 
dimensions. Dimensional reduction along an S^ yields apart from the new metric 
Qfiu a one-form potential and the dilaton. We may read them of from the eleven- 
dimensional metric Gmn using [29j 

(-'MN -631 ^ g2* e^* j ■ (2.1b) 



Thus 



4* 






2l_ 
3 + ^" 



^(^^ = ATfl ( i£,.„ _ __l_it,.„ ] (2.18) 



(hjjA = e^ (cfci3 + — + ^^ w +y/3w 

(3w.w — e3 ^(i)A(i) 



(2.19) 



9 

We will also need the ten-dimensional Ricci scalar. In the string frame it reads 

2y4-^p6(4^3_„3)2 

R is not singular at p = a. As a matter of fact, 

R\p=a = -108a/3- (2.21) 

which gives us an explicit expression for the conifold singularity in the limit 
a^O. 

We claimed that in the above geometry there are N units of Ramond- 
Ramond flux through the two-sphere. To check this we simply calculate the 
Ft2) flux through the S"^ parametrized by 9 and (f>. 

I *-F(8) = / **i^(2) = - / c?^(i) = 47r7Va (2.22) 

Now the conifold transition relates the above to a stack of N D6-branes 
on the deformed conifold. One may obtain this dual geometry from eleven- 
dimensional supergravity by reducing along the singular three-sphere. Indica- 
tions towards the presence of the branes are the resulting one-form potential, 
which couples magnetically to the branes, and the behavior of the Ricci scalar 
near the singularity. See [25l [23] . 



3 The gauge theory at zero temperature 

We shall now turn to the discussion of the dual gauge theory at T = 0. With 
the exception of the Yang-Mills coupling in section 13.11 and the gg-potential in 
section 13.51 this section contains mostly review material. The relation between 
the supergravity backgrounds, the gauge theory, and gauged supergravity was 
exhibited in [^S] . For a review on this issue see [301 . 

3.1 The coupling constant of the gauge theory 

In the following we elaborate on the developments in [311 (32 • To find the 
super Yang-Mills theory's coupling constant gvM, we place a D6-probe brane at 
constant p, extending along x^ and wrapping the resolved conifold's S^ . Recall 



that we may think of our original stack of D6-branes as wrapping S'^ in the 
deformed conifold. We also fix the brane's position in the S'^ to he 9 = (j) — 0. 
The general idea is to identify the gauge field living on the probe brane with that 
of the dual super Yang-Mills theory. Thus we may extract information about 
the dual theory from the probe's DBI action. Using world-volume coordinates 
^° and labeling the brane-tension Tq, we expand the DBI action in powers of a' 

Sdbi = -n f d\e-'^^-dctr[g] + 2Tra'F + Te f Y, C{n) A e^-^ 

(3.1) 
= -Te / d'ie-'^ ^-AetV[g] (l + [a'Tif F^) +0{a'f + ... 

V denotes the puUback onto the brane. For the embedding we have chosen, the 
induced metric V[g\ is 



— P.3 . ._ ^^ „ . . „ , 

9 "^ V3 + /3, 



"^ - e§* del, + ^Pw' - e^^'N'a' ( -^ ) {w')' (3.2) 



Now notice that after Kaluza-Klein decomposition the massless modes of Ff^^, 
are functions of the x^ alone, while all the other terms in (|3.ip do not depend 
on the flat part of the world-volume. Therefore that part of (|3.ip containing F^ 
may be written as 



Tei-rra'f f dddfydPe-"^ ^Z- detV[g]\ f d'^xF 



(3.3) 



Comparing the Yang-Mills action 



1 f .A ^-t 9 



^YM 



YM 



Ag^^j J 327r 

and using the explicit expression for the D-brane tension 



d\F' + ll^ d'^^FF, (3.4) 



1 



p lE+l 



'^ {27:ya' 
we obtain 



(3.5) 



gvM = 18 12 3 Y li 3 g 

((V-a3)(p3-a3)3)i/'' 

Note that the coupling is dimensionless, as it should be the case for a four- 
dimensional Yang- Mills theory. We have plotted gYM in figure[21 The AdS/CFT 
dictionary tells us that we may relate the radial coordinate p to the energy scale. 
To obtain a precise relation one may consider chiral symmetry breaking and the 
vev of the gluino condensate (AA) [31] . Yet for our purposes it is sufficient to 
think oi p ^ CO as the UV regime of the gauge theory and p -^ a as the IRQ 
Then (|3.6p clearly shows asymptotic freedom. 



^As we mentioned earlier, the UV completion is given by M-theory, while in the infrared 
the relevant degrees of freedom are best described by the gauge theory. See section 13.31 and 

El. 



3.2 Field Content 

We shall take a look at the massless excitations. Prior to wrapping, the theory 
living on the world volume of N D6-branes is a super Yang-Mills theory with 16 
supercharges, as the branes are half-BPS. Upon wrapping, the global symmetries 
break as 

50(1, 6) X SOr{3) -^ 50(1, 3) x 50(3) x SOr{3). (3.7) 

From dimensional analysis it follows that the Kaluza-Klein modes become rele- 
vant at energy scales of order 

"^^^ ^ VoTs^ = 2^^- ^^-^^ 

Ignoring all massive modes, the bosonic sector includes now the gauge potential 
and three massless scalars transforming as a 3 under the R-symmetry. The 
representation for the fermions changes under (|3.7p from (8, 2) to (4, 2, 2). 

This is not the complete picture however. Consider the behavior of the 
gravitino under SUSY transformations, 

'5.*mI*=o = V^e = (^M + ^'^m) e. (3-9) 

with cj being the spin connection. For the theory to be supersymmetric we 
need a covarianntly constant spinor satisfying V^e = 0. As the spin structure 
of S^ does not allow for such a spinor to exist, supersymmetry is completely 
broken upon wrapping. Raising the status of the R-symmetry to that of a gauge 
symmetry, we may modify p.9p to 

V^e - (^d^ + ^u, + A\f^^ e. (3.10) 

Fixing A}j, = 2a;^ resolves the issue. This topological twist was first introduced 
by Witten in "20] . While it changes the behavior of the 6 -t- 1 dimensional theory 
significantly, the consequence for the 3-1-1 dimensional one we are interested 
in consists in keeping only those fields that transform as a singlet under the 
diagonal 

50(3) X 50fl,(3) -> SOd{3). (3.11) 

The gauge potential is not affected by the whole construction, whereas all of 
the scalars disappear from the spectrum. The representation of the fermions 
decomposes as 

(4,2,2)^(4,1)0(4,3), (3.12) 

because 2x2 = 103. So recalling that the branes are half-BPS we are left with 
i X i X 32 = 4 supercharges, confirming the previous calculation based on the 
holonomy of the eleven-dimensional background. Thus the massless spectrum 
is given by pure A/" = 1 super Yang-Mills theory. 

3.3 The gauge/gravity correspondence 



Knowing the energy scale of the KK-modes (|3.8|) and the behavior of the Ricci 
scalar p.20p . the Yang-Mills coupling constant (j3.6|) . and the dilaton ()2.17|) 
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a= 1 

N= 1 
a' = 1 



10 p 



Figure 2: Ricci scalar, 't Hooft coupling, and dilaton in terms of p. One sees 
clearly that the IR phsics is captured by type IIA string theory while the UV 
completion is given by M-theory on the G2 holonomy manifold. Note that albeit 
appearances R is not singular a± p ~ a. The 't Hooft coupling however is. 



enables us to address the issue at which energy scales the system is best described 
by super Yang-Mills, type IIA, or M-theory. As in the previous section we do 
not know the precise relation between the radial coordinate p and the energy 
scale /i in question, and are therefore only able to make qualitative statements 
identifying the large-p regime as the UV and vice versa. Figure [H shows the 
behavior of all three relevant quantities. 

We see that in the IR the relevant degrees of freedom are best described in 
type IIA theory. While it might seem that the UV completion is given by both 
M-theory and super Yang-Mills one should not forget that figure [2] shows the 
four-dimensional gauge coupling. At sufficiently high energies the J\f = 1 theory 
will begin to fully explore the compact dimensions; the gauge theory becomes 
6-1-1 dimensional. Purely gravitational M-theory gives the only UV-completion. 

If we want to use this overall setup to study zero-temperature, non-pcrturba- 
tive gauge dynamics, it follows from ()3.8|) that we want the resolution parameter 
a to satisfy a < \fo! . However we also need 



a'i? < 1 A = g\^,iN > 1 
For p —f a, these quantities behave as 

^3^3/2^,3/2 



e* « 1. 



(3.13) 



(p3-a 
-a'R < VS 108 



3)3/2 

Na' 



(3.14) 



35/4 
+ -— (p-a))+0(p-a) 



^N^/2 V 2 33/4 

Comparing this with figure [2] we conclude that there is a limit for N,a,a' in 
which the supergravity approximation captures non-perturbative gauge dynam- 
ics. However the massive Kaluza-Klein modes do not fully decouple and thus 
spoil the behavior of pure J\f = 1 super Yang-Mills. If one were able to perform 
computations beyond the supergravity limit one could easily avoid this issue. 
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3.4 Wilson loops and minimal surfaces 

The AdS/CFT-correspondence is a powerful tool for the study of Wilson lines 
[55] . [53] . and [31]. In the next section p.Sp we shall use it to study the qq- 
potential at T = 0. Further applications will be the finite-temperature qq- 
potential and the jet-quenching factor in sections 15.21 and 15.4.21 respectively, 
while the the method used to compute the drag-force in section 15.4.31 takes a 
similiar approach. 

For a generic gauge theory a Wilson loop is defined aq^l 

W{C)=re'fcdA. (3.16) 

V denotes path ordering and C the contour of integration. 

To see how to calculate the expectation value {W{C)) for a generic contour 
C using the AdS/CFT-correspondence, consider the following. If we do not 
close the loop C, but instead consider a line, p.l6p is a non-local operator 
transforming at it's endpoints under the fundamental- and anti- fundamental 
representation respectively. The gauge theory and its gravity dual as discussed 
above are free of any fundamental degrees of freedom. In order to introduce 
these we start with a stack of iV + 1 D6-branes and place one of them at a large 
yet finite radius p\. The gauge symmetry is broken as 

SU{N + l)^SU{N)xU{l). (3.17) 

We have Higgsed the theory. From the point of view of the gauge theory we 
therefore expect the appearance of massive W-bosons, which we will treat as 
highly massive probe quarks. In the string theory these bosons are realized by 
strings stretching between the stack of branes and the separated one transform- 
ing in the (anti-)fundamental representation of the two new gauge groups. The 
new U{1) gauge field may be ignored as it's living on the brane which is at a 
large separation from the stack of D6sO When taking the decoupling limit the 
N branes at p = are replaced by the background geometry while the single 
brane at p\ may be treated as a probe. As the branes are replaced by their 
geometry, the correct way for the W-bosons to interact with the gauge theory is 
not by ending on the branes but by interacting with the background. Therefore 
one evaluates {W{C)) by embedding the contour C into the probe brane and 
using it as a boundary condition for the worldsheets of open-strings exploring 



the bulk. See figure 3(a) The AdS/CFT-dictionary tells us then to calcu- 
late the expectation value of the Wilson loop for the adjoint representation by 
minimizing the Nambu-Goto action for the corresponding world-sheets, 

{W^{C)) =li-aie-^"'^. (3.18) 



^The expression presented here is not entirely generic. E.g. for d = i,J\f = 4 super Yang 
Mills whose gravity dual is defined on AdSs X S^, one needs also to consider scalar fields #^. 
The index / may be considered as a representation index of 50(6). The Wilson line is given 

by 

However, as l|3.16| l is entirely sufficient in the context presented here, we shall not elaborate 
on the issue. 

®An alternative approach would be to take the flavor brane to wrap the S^ and to extend 
along p from pA to oo. In this case one argues that the gauge-theory living on the probe is 
non-dynamical as seen from the four-dimensional theory as the probe wraps a non-compact 
dimension. 
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Figure 3: A Wilson 3(a) loop in the gauge theory is evaluated by using the 
loop as the boundary condition of a worldsheet ending on a probe brane. The 
worldsheet reaches a minimum at p = pc > 0. The action is renormalised by 
that of strings stretching straight from the loop to the bottom of the space, 
sometimes given by the horizon of a black hole |3(b)[ As was argued in [35j , one 
also needs to consider strings stretching from the probe away from the horizon. 



5jv(7 is the Nambu-Goto action 



S'ng = ^^ I drdj^-dctdc^Xt^dpX^ 



27ra' 



(3.19) 



dr(b\ -X^X' 



{X.X' 



While one usually takes the limit pj^ -^ oo, one may also keep pA finite and 
consider it as the energy the gauge theory is defined at. Note that the pre- 
scription given in (j3.18p requires some sort of renormalization, usually given by 
the mass of the W bosons. This again is calculated from the action of a string 
stretching directly from the contour on the D7-brane to the bottom of the space 
as depicted in fig. 3(b) Note that this configuration is not physical, as it is not 



possible to define suitable boundary conditions at p = a. This will change in 
section [5?^ where we shall be considering the finite-temperature theory. Finite 
temperature is achieved by the presence of a black hole who's horizon gives 
suitable boundary conditions for the worldsheet in fig. |3(b)| to be considered 
physical. 



3.4.1 Boundary conditions 

There is a crucial aspect of p. 181) that appears to be frequently overlooked^ If 
we force the string to end on the contour C, the resulting boundary conditions 
in at least some of the directions tangential to the brane are not von Neumann, 
but Dirichlet. One needs to ask for the object that restricts the string to lie on 
the contour. 

As it is the easiest to understand this in terms of specific examples we shall 
delay explicit calculations to sections 13. 5[ 15. 2[ and 15.4.31 The technical aspects 
for all of these will be the same however, which is why we shall discuss them 
now. 

Consider the Nambu-Goto action (|3.19p . It has a symmetry under transla- 
tions 

Xt^ ^ X^ + y^ y = const., (3.20) 



'^See however 1481. 
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which we know from ordinary classical mechanics to be related to energy- 
momentum conservation in space-time. Specialising to infinitesimal transfor- 
mations, we can calculate the conserved current with the Noether prescription. 
As an intermediate result we obtain 

y/ x^x'^+ix.x'Y /3 2n 

-x^x-+x-x.x' ^^^ i^-^l) 

^/-X^X'■^ + {X.X'Y 

jj^ gives the energy {p, = 0) or p, = m-momentum density on the string, j? 
on the other hand denotes the flux of energy or momentum along the string. 
Thus we can calculate the total energy and momentum to be 



E^ J cbjl (3.22) 

P^^= I djj:^. (3.23) 



The fluxes are related to an open string's boundary conditions. A string satis- 
fying von Neumann boundary conditions does not allow for momentum to flow 
of the string, requiring 

icL ^ =0. (3.24) 

A* I boundary ^ ^ 

The solution of the issue of defining Dirichlet boundary conditions in direc- 
tions tangent to a brane will be turning onlA{l) gauge fields on the brane whose 
interaction with the string endpoints will exactly cancel the energy-momentum 
flow defined by these equations. The authors of f48] pointed out that as long as 
one keeps the position of the probe brane pA finite, it is more sensible to think 
of a constant force of the U{1) field on the string's endpoints rather than of a 
constant separation L separating them. 

3.5 The quark-antiquark potential &; confinement 



Our first application of the concepts introduced in section 13.41 shall be the qq- 
potential in the zero-temperature gauge theory. We follow ^Tj. Conceptually 
one studies this by placing two infinitively heavy and therefore static probe- 
quarks at a fixed separation L into the gauge theory. For such a configuration, 
the action is independent of the time-like extension of the loop and therefore 
behaves a,s S = ET, with E the energy of the system. 

Now if the gauge theory is confining, the energy is proportional to L from 
which it follows that 

E{L)(xL ^ S(xLT. (3.25) 

LT is the area surrounded by such a Wilson loop, so that for a confining theory 
we expect the action for the quark loop to satisfy an area lawO In the follow- 
ing we shall study the gg-potential of our gauge dual and whether it exhibits 
confinement. 



^^Technically H3.25| l shows only that confinement leads to an area law. We are reversing 
the argument simply claiming that the converse is also true, i.e. that confinement occurs iff 
the action satisfies an area law. The relation between confinement and an area law for the 
Wilson loop was first discussed in |38| . 
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t 

Figure 4: The rectangular Wilson loop used in section [3751 as seen in the {t, x)- 
plane. 

The profile In this section we will use the static Wilson loop shown in fig. U] 
Fixing X = a;^, we may parametrize the loop and the corresponding worldsheet 
as 

X — T X = (7 p — p((t) (3.26) 

where r G [0,T] and cr G [^^j "§] • Also we will need to impose the boundary 
conditions 

p(a = ±L/2) = pA. (3.27) 

Note that the parametrization (|3.26p does not define a complete Wilson loop 
but two Wilson lines separated by a distance L. Assuming T ^ L however we 
may neglect the contribution from the pieces needed to close of the loop. Upon 
plugging (I3.26P into the Nambu-Goto action (j3.19p one notices immediately that 
the integration over r is trivial giving an overall factor of T, 



'^« = 2^^ ' * 



^Jgtt (g.. + P'^gpp) ■ (3.28) 



The idea is to treat this formally as a system from classical mechanics with 
Lagrangian C{a). With a playing the role one would usually associate with 
time t and identifying p(a) as the system's time coordinate, one calculates the 
canonical momentum tt and performs a Legendre transformation 



dC 

nj I r 9xx9tt 

H. = piT — L — 



(3.29) 



\/gtt {gxx + p''^gpp) 



From ^ = it follows with Hamilton's equations that ^ = 0. Hence there is 
a conserved quantity 

H = K e M. (3.30) 

It might seem surprising that we emphasize that k is real. However we will 
encounter examples where this is not the case. As 

- gugxx = e^* e [(12iV2)-i^ ^) jv-^ j^^ ^^ ^ ^3 3^) 

there exists Pc> a s.t. k^ — —gttgxx\„^„ ■ One sees immediately that p'\ — 0, 
which means that pc denotes the lowest point reached by the string, k = holds 
if and only if the string reaches the bottom of the space. 
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Solving (|3.32p for p' yields a first order equation for the profile 

9PP \ 1^ J 

Note that gu < 0. We assume the system to be symmetric about a — Q, which 
leads to the constraint p'(0) = 0. A look at the profile tells us that this is 
satisfied for 

p — Pc> a- (3.33) 



See fig. 3(a) Note that p' is real as long as p > pc- 



Boundary conditions We briefiy turn to the issue of the string's boundary 
conditions at the probe brane. Following the discussion in section [3.4. II we are 
interested in the momentum fiux at the endpoints of the string. Therefore we 
evaluate j'^ as in (|3.2ip for the metric and profile in question and find 

The crucial observation is j^ c>c k. That is as long as the string does not reach 
the bottom of the space (i.e. pc = a), there is momentum in the x-direction 
flowing through the string, violating von Neumann boundary conditions (j3.24|) . 
We may easily fix this by turning on a U{1) gauge-field in the world- volume 
of the brane. Note that k e M tells us that one may choose the direction of 
momentum fiow. This makes sense, as, the problem is symmetric and there is 
no reason a priori why the momentum should flow in a specified direction. We 
may interpret this as our freedom to choose which of the two heavy W-bosons 
represents the quark and which represents the anti-quark. In other words while 
we set of with a mathematical model which was symmetric under a g <-> g 
exchange, the appearance of the U{1) gauge field breaks this discrete symmetry. 
jp is also non- vanishing. Yet as p denotes a direction transverse to the probe, 
this is in accordance with the Dirichlet boundary conditions in that direction. 

Separation of the quarks pc is not a parameter but depends on the sepa- 
ration of the quarks. Regard 

/•T /-PA 

L = 2 / (k = 2 dpp'-^. (3.35) 



One obtains a relation L{pc) which may be inverted to eliminate pc- Albeit the 
integrand's singularity for p ^ pc, the integral is finite for fixed values of pc and 
PA- For large p however the integrand behaves roughly as 

, T p— »00 1 

/-!"« -, (3.36) 

P 

s.t. one does not obtain a finite value for L when taking pA ^ oo- This is in 
contrast to asymptotically AdS^ backgrounds, and might be related to the lack 
of a conformal boundary. 
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Figure 5: Separation [L) and potential energy [E) of the qq system for a = 1, 
PA = 10, and A^ = 5. pc denotes the lowest point in the bulk reached by the 
string. The E{L) plot shows that for most values of L there are 2 energy levels 
corresponding to a large and a small value of pc- Minimizing its energy the 
system will choose the lower branch corresonding to larger values of pc- 



Renormalization As outlined in section 13.41 one renormalizes the action by 
evaluating the Nambu-Goto action for the worldsheet 



a = p 



X e 



L L 
2"' 2" 



re{0,T}. 



(3.37) 



As with (|3.26p this does not define a complete loop, but two separate lines. 
Again we may ignore this issue as long as we assume that T ^ L. Physically 
the overall procedure corresonds to subtracting the energy of two independent, 
static quarks. Proceeding as before, the counterterm is given by 



Ji /"PA 



(3.38) 



One should emphasize again that, while being an admissible solution of the 
equations of motion, the solution used for renormalization here is not physical 
as there are no suitable boundary conditions to be defined at p = a. One should 
simply think of this as a method to calculate the mass of the W-bosons. 



Evaluation Using TE = 5ng - Sr and dSHH), ((X^ . and (^35]) one obtains 
for the energy 



E{pc,Pa) = \/-gttiPc)gxxiPc)L{Pc, pa) 



PA 



p^ V 9xx 

p. 



-^ i\/-9tt9xx + 9tt{pc)gxx{Pc) - V-9tt9xx] dp (-3 



39) 



- 2 / \/-gtt9xxdp- 

J a 

Numerical results are shown in figure [5] and show clearly that 

E{L) ex L, 



(3.40) 



for L ^ 13. In order to properly exhibit confinement we would need to discuss 
the potential for L > 13 in order to show that the proportionality holds for all 
values of L. 
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As a matter of fact the behavior of L around L « 13 stems from the fact that 
we did not take the /oa — >■ oo hmit. That is, the separation between the branes 
is still finite and so is the mass of the probe quarks. Indeed, when running the 
same numerics for larger values of pA, one ends up with similiar plots yet valid 
for larger values of L, which we take as a indication that the proportionality 
E (X L holds for any L. In order to properly establish confinement however, 
we shall use a different method. According to a theorenlj by Kinar, Schreiber, 
and Sonnenschein [37] . a sufhcient condition for confinement is given by the 
following: Consider the function 

/2(p)= -goo<7x.|p- (3.41) 

Then the dual gauge theory is confining if / has a minimum at some Pmin and 
/(Pmin) 7^ 0. The metric (|2.19p satisfies this and we conclude the discussion of 
the zero temperature theory by noting that the field theory is a confining. 

4 The supergravity theory at finite temperature 

Having completed our review of the zero-temperature theory, we shall discuss 
the finite-temperature case. Proceding in the same way as before, we begin with 
eleven-dimensional supergravity. 

4.1 The eleven-dimensional black hole 

Studying the quark giuon plasma means studying finite temperature physics. As 
for the gauge theory, finite-temperature field theory is - in the Matsubara formal- 
ism - defined on Euclidean space-time compactified to S^ x R^. The previously 
time-like direction a:^ is now periodic with period /3 = T^^. In the supergravity 
dual, we do also need to add an event-horizon to the background, turning the 
previously extremal p-brane solutions into non-extremal black branes [40j . One 
should picture this departure from extremality as adding energy to the back- 
ground while keeping all charges constant. As the extremal solutions satisfy 
a BPS bound, adding temperature corresponds to using non-BPS branes. In 
order to do so, we modify the eleven-dimensional metric (|2.ip to 

dsl, = -f{p)d'+dK' + *^_^ + .... (4.1) 

fip) (1 - ^ 



Note that we are using Minkowski-signature here, albeit the previous comments 
about the Matsubara formalism. The reason is that the procedure we use for 
finding the black brane solution does not depend on the signature and that we 
will be mostly using the Minkowski-space solution later on, because Euclidean 
time does not allow the study of dynamical quantities. However, in order to 
study genuinely themodynamical issues such as temperature, entropy, or specific 
heat, as we will do in section l4?2l we need to compactifiy to periodic, Euclidean 
time. 

Enforcing the equation of motion i?^^ = on the above gives a system of 
differential equations for f{p). While there will certainly be the trivial solution 



'For a proof of the relevant theorem see |39) . 
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f{p) = 1, we are looking for a nontrivial one exhibiting a horizon structure 
fiPh) = 0. 

Calculating the Ricci tensor for the above ansatz one sees quickly that there 
is a non-trivial solution if and only if one takes a — > 0. While one might object 
that we are not allowed to take this limit as the zero temperature requires a > 
to resolve the conifold singularity, one should not forget that the singularity will 
be hidden by the black hole's horizon. The unique solution is 

/(p) = l-4- (4-2) 

with 

pe[ph,oo). (4.3) 

The new metric is given by 

dsh = -f{p)dt^ + dc^ + -J^ + 4 {w^^ + w'^^ w'^w'^) . (4.4) 

I{p) 9 

Most of our discussion will only require knowledge of the precise form of the 
t^x,p directions. When using Euclidean signature, we shall denote the metric 
by g^^. 

4.2 Thermodynamics 

We will now turn to a discussion of some of the thermodynamical properties of 
the solution (|4.4p . 

Temperature Consider the {tE, p) plane in the finite-temperature formalism. 
It has topology S^ x R>o with p £ [ph,oo) and i_E € [0,/3]. One proceeds by 
demanding that there be no conical singularity at the origin. Mathematically 
this may be expressed by considering the ratio of circumference and radius of a 
small circle around the origin and solving for 

I , circumference 

27r = hm . (4.5) 

p^Ph radius 

Using the standard expression for arclength, we obtain 

rP 



/gu~ Ppdp\/gtt{p) (4.6) 

rad. = / dp'^gpp « p^/gpp. (4.7) 



Plugging these into (|4.5p yields 



Pdp^/gTt 



2tt = l3 hm 

P^Pi- \/9pp 



(4.8) 



P^Ph ATTy/gttgpp ^T^Ph 



One should pay attention to the slightly unusual dependence of the temperature 
on the position on the horizon. For the AdS^ x S^ black hole for example, the 
relation is T on ph- We will return to this issue in section [ 
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Evaluation of the partition function To study further thermodynamic 
properties of the solution (|4.4p . we need to evaluate the partition function Z = 
g-Ss ^ ^g i^jjg eleven dimensional theory is purely gravitational, this boils down 
to calculating the action 






(4.9) 



for Euclidean space-time. Where Al is a volume of spacetime defined by p < 
Pa- As in the absence of any further fields the equations of motion simplify 
to R^u ~ 0, the Einstein-Hilbert term vanishes leaving us with the Gibbons- 
Hawking term. 

The metric induced on c)A^ is denoted by h. K is the extrinsic curvature 
defined by 

Kab = daX^dbx'^V^n,. (4.10) 

The coordinates x'' are that of the eleven-dimensional background, while the a;" 
parametrize the boundary of the region of integration dA4 . Due to our choice 
of volume A4 we may pick the a;" such that 

s..'^{i- :t; (4.1) 

n is a unit normal to dA4. We choose n — y/gPPdp. Now (|4.10p simplifies 
considerably. 

Kab = daUb - TxabU^ = -^ pabV^ = ^V¥^dp9ab (4.12) 



Similarly hab — daX^dbx'^gf^iy and thus 



/— p^y/fsin9sm6 
" 648 



(4.13) 



Also 



.br. VF^.ab^ „ V7/,-lw , 12 



K = h-'Kab = ^g^'dpgab = ^ [^r'f + - j . (4.14) 

Applying this to the action (|4.9p one realizes that the integration is trivial as 
the radial variable is not integrated over. Then 



S=( ^- ^ f dsLcSdpdipS 44 sine sine] f di:° fp^ ( T^f + — 



V 103687rv/3 J J Jo \ P 

^j A(3 (I2pi - 7pl) T > 
Af3l2p% T = 



Note that A = ^^Ye^ 
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P=PA 



(4.15) 



Renormalisation If wc take the cutoff to infinity, pA ^ cxi, the result of 
(|4.15p is divergent and does need to be renormalized. The easiest way to do so 
is by subtracting the action of some reference space-time. As we are only consid- 
ering the Gibbons-Hawking term, the natural candidate is the zero-temperature 
solution as defined on the singular conifold, whose action may be obtained di- 
rectly from (|4.15p by setting / ^ 1. We call this reference action St=o- We 
could have also calculated this reference action by starting from the non-singular 
zero-temperature metric (12.11) . evaluating the on-shell action and taking the 
limit a — > before p\ —> oo. 

Again we need to compactify the Euclidean ts direction on an S^. Yet in 
opposite to the black hole solution (|4.4p it is not obvious what the periodicity of 
the circle should be. Therefore consider a particle, whose energy is equal to the 
thermal energy T, in the finite-temperature solution propagating at a radius of 
Pa- To an observer at spatial infinity, its thermal energy will appear redshifted 
to 

eL = V-9'Kpa)poPo = J-- = -7^- (4-16) 

V9tt[PA) V/(pa) 

In the zero temperature solution on the other hand, gu = 1, and there is no 
redshift. Comparing energies in the two solutions by means of hypothetical 
observers at p — oo, the energies correspond as 

Ej=° = ^^, (4.17) 

which leads us to 



/3t=o=/3tW1-4- (4-18) 

V ^A 

We shall use this result to evaluate and compare (|4.15p for the zero- and 
finite-temperature backgrounds with ts periodic and periodicity /?t=Oi Pt, yield- 
ing 



St=o = 12A(3pIJi~!^ (4.19) 

V ^A 

St>o = -TAPpI + l2pApl. (4.20) 

Taking the cutoff p\ to infinity, evaluating A explicitly, and dividing by the 
volume of M^, the final, renormalized result for the action density is 

Se= lim 5t>o-5t=o = -^-%. (4.21) 

PA^oo 405v3 

The fact that this seems to be negative should not disturb us. In the contrary, 
as it implies st=o > ■st>Oi the finite temperature solution will be the leading 
order contribution in a saddle point approximation to the path integral. If this 
was not the case, we were not allowed to study finite temperature effects using 
the solution ()4.4p . Naturally, when computing further quantities, we will use 
the absolute value of ()4.2ip . 

One should wonder about the N dependence of (|4.2ip . After all our aim 
is to study the physics of the QGP, which is in a deconfined phase of QCD. 
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So the entropy should reflect the iV^ color-degrees of freedom. On the other 
hand, (|4.2ip cannot contain any factor N, as the UV completion does not know 
about the number of colors. One may try to resolve this issue by substituting 
the 't Hooft coupling A for p^. We will compute A in section [131 yet for our 
discussion here it is sufficient to know that when expressed in terms of A^, A, 
and energy-scale p, ph has a 

pI-— (4.22) 

dependence, leading to a N^X~^/^ dependence for the entropy. While this is 
not fully satisfactory - after all, one would expect N^, it shows the correct 
qualitative behavior. 

Mass, Entropy, Specific heat Using the renormalized Euclidean action 
(j4.2ip and some standard relations of thermodynamics one can calculate a va- 
riety of properties of the background. Mass, entropy-density and specific heat 
are given by 

(4.23) 

(4.24) 

(4.25) 

(4.26) 
ui 

Therefore 

(4.27) 
(4.28) 

Equations (|4.27p show a rather surprising thermodynamic behavior - es- 
pecially as we are trying to identify it with that of a four-dimensional gauge 
theory. First of all, the specific heat C is negative, probably denoting an in- 
stability of the solution. More importantly, the entropy behaves as 5 ex T~^, 
which is rather puzzling. As a first check of the above results, one can compare 
(|4.27p to the Bekenstein-Hawking entropy, which in our conventions takes the 
form Sbu = 4 ' with A being the area of the black hole horizon. A direct calcu- 
lation gives ^BH — '^TToPh' which agrees with the previous result. One should 
also note that the first law of thermodynamics, dM = TdS, is satisfied by the 
solution, as can be verified explicitly. 

So while the thermodynamical properties of the system appear sensible from 
the point of view of eleven-dimensional supergravity, it is difficult to interpret 
them as those of a four-dimensional gauge theory. We will try to find a partial 
explanation for this behavior in the next section. 
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4.3 Comparison with the Schwarzschild solution 

In comparison with the AdS-black hole [40] properties of the finite-temperature 
G2 holonomy solution ()4.4p might seem a bit surprising. However, there is a very 
well understood solution of the four-dimensional Einstein equations with similiar 
characteristics, the Schwarzschild black hole. So let us recall the properties of 
its generalization, the four-dimensional Reissner-Nordstrom solution. 



ds' 






f f^ j \ T T ' 



.,=M±,/M^3oI r=^C^-m F=% 



47r \ r^ ri y " r^ 



' + 



dAdr 



M is the mass, Q the charge, T the temperature, and r± are the inner and outer 
horizons. The Schwarzschild solution is obtained in the Q —* limit. As one 
may see from the equations, there is a BPS constraint on the mass M > Q. 

As long as we keep Q > 0, the temperature vanishes in the extremal limit 
M ^ Q. This changes in the Schwarzschild case Q — 0. Here the temperature is 
singular when taking the mass to zero. Mathematically this is expressed by the 
absence of the -\-^ term in the Schwarzschild metric. As there is no such term 
in the eleven-dimensional metric (|4.4p and as both the Schwarzschild and the 
Reissner-Nordstrom solution have negative specific healo, one may speculate 
that the singular behavior of the temperature of the gravity dual in question may 
be related to the dual being of Schwarzschild- rather than Reissner-Nordstrom 
type. 

We may pursue the comparison with the Schwarzschild solution even further. 
Our zero-temperature background has the topology M}'^ x M x A^, with M. being 
the G'2-holonomy manifold. If we were simply to replace Ai by an S^ , we were 
dealing with ordinary Minkowski space in eleven dimensions. Now searching for 
a black hole of with the Ansatz 

ds" = -!{p)dt' +6^ + -^ + p^dll (4.30) 



we find the identical solution to the equations of motion, i?^^ = 0, given by I 
Performing the same calculations on this eleven-dimensional Schwarzschild black 
hole that we did before, we see, that the Bekenstein-Hawking entropy behave 
as 5bh oc p^, whereas the temperature will satisfy T = ^^ , showing ther- 
modynamic behavior identical to that of our solution (|4.4p . Thus it appears 
as if the rather undesirable behavior of the entropy S ex T^^ might be related 
to the fact that the string dual may be traced back to pure gravity in eleven 
dimensions. In analogy with the four-dimensional case one might expect the 
thermodynamics of our solution to improve once the black hole is charged un- 
der some gauge field. Generalizing the ansatz (|4.ip to include the three-form 
potential of eleven-dimensional supergravity however will make the task of find- 
ing a solution considerably more difficult. 



^"^For Schwarzschild one sees this by realizing that any increase in M leads to a decrease in T. 
So whenever we increase the energy, keeping the charge constant, the temperature decreases. 
For Reissner-Nordstrom the situation is slightly more complicated. While T vanishes with M 
for sufficiently small M the behavior reduces to that of Schwarzschild in the large M limit. It 
follows that Reissner-Nordstrom black holes of small masses have positive specific heat, while 
those of large mass have negative specific heat. 
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4.4 Dimensional Reduction 

In the same way that we went from M-theory to type IIA at zero temperature in 
section 12.21 one may perform dimensional reduction for the finite-temperature 
background. 



2 

4* P 






(4.31) 


m^pl 


( 1 A 

'4(1) ^Nph \n.w~ -^n.wj 




(4.32) 


2 2* 


'-/(p)rf2+&2 + -^ + ^(u.2 + *^- 


- w.w) - 


-et*A(i)A(i) 

(4.33) 



The Ricci scalar in the string frame is 

i?=^(-13p-^ + 3p|). (4.34) 

5 The field theory at finite temperature 

5.1 Properties of the Dual Field Theory 

Turning on a temperature does naturally break the supersymmetry, so that we 
are dealing with the same modes as in the zero-temperature case, except that 
there is no supersymmetry. Now however the mass of the Kaluza-Klein modes 
is given by the size of the wrapped S^ in the far IR, that is by the location of 
the horizon. We may use (|4.8p to relate it to the temperature as 



In all other aspects the discussion of the theory's field content is identical to 
that performed in section \T^ 

The same holds true for the derivation of the Yang-Mills coupling constant 
from the DBI action (13.11). The induced metric is 



„2 _ „4* 



'6 



63 



-fd'^ + dx.'^ + —S^ + —dt>^ + —(l-- cos^ 9 ] #2 



12 



+2- cos 



(5.2) 



leading to 



3l3/4„,„.S/<p^ 

Having already calculated the dilaton (|4.3ip and the Ricci scalar (|4.34p . we 
are again able to discuss the decoupling limit. To get a qualitative understanding 
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Figure 6: As previously done for the zero temperature gauge theory in figure [21 
we discuss the curvature and couphngs of the finite temperature solution. Again 
there is clearly a regime in the IR where non-perturbative gauge-dynamics are 
captured by type IIA string theory. As in the zero-temperature case though, 
gvM is singular at p = ph- 

we have plotted the relevant quantities in fig. El 

-a'R < ^ (5.4) 

, n:VSNVa'f',l ,5,5) 

Again the supergravity description is valid in the large N, small a' limit while 
it is not possible to ignore the KK-modes {ph small) at the same time. 

5.2 Quark- Antiquark Potential 

We perform a numerical analysis of the quark-antiquark potential. The results 
presented here were derived in exactly the same way as in section 13.51 with 
the finite temperature metric ()4.33p replacing the zero temperature background 
(I2J911 . 

The results are depicted in fig. El At first sight it appears as if there are again 
two solutions with the minimum energy one showing a direct proportionality 
E oc L and thus confinement. If this were the complete story the physical system 
dual to our finite-temperature background were certainly not a deconfined QGP. 

Now recall from our discussion of the Wilson loop's renormalization in sec- 
tions |3l4l and [331 that for the zero temperature solution the configuration of two 
strings stretching from the probe brane to the bottom of the space {p = a) was 
not physical as it is not possible to define suitable boundary conditions for the 
worldsheet. In other words, there is nothing at the bottom of the space for the 
open strings to end on. This is different for the finite temperature case though, 
where it is possible for a string to end (or fall through) a black hole's horizon, as 
long as suitable boundary conditions are satisfied; i.e. there may be no excita- 
tions leaving the black hole. Therefore renormalization in the finite temperature 
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(a) 



(b) 



Figure 7: The quark-antiquark potential at finite temperature. Compare the 
zero temperature case shown in figure [H 



theory is not interpreted as merely subtracting the mass of the two W-bosons. 
Instead one actually considers two competing, physical solutions. That of two 
quarks connected by a string and that of two independent quarks. The system 
chooses the minimum energy configuration and therefore we may interpret the 
point in fig. |7(b)| at L « 21 where E{L) = as the transition between the two 
solutions. For L > 21 we have two quarks propagating independently!^ while 
for L < 21 the two quarks interact via a string. Therefore we claim that the 
finite temperature theory is not confining, as expected for the QGP. 

As to the issue of the world-sheet's boundary conditions, the discussion is 
identical to that of the zero temperature case in section [3751 The x-momentum 
flux along the string is proportional to a constant of integration n with k = if 
and only if the string stretches all the way to the horizon. Again one fixes the 
failure of the boundary conditions to be properly von Neumann by turning on 
a U{1) gauge field in the probe brane. 



5.3 Shear Viscosity 

One of the first properties of the A/" = 4 QGP calculated from the dual AdS^ x S^ 
geometry was the plasma's shear viscosity 770 The original ansatz of [H] uses 
the Kubo relations which stem from the formalism of finite-temperature field 
theory. These relate the shear viscosity to the energy-momentum tensor as 



77 = lim — 

u^o 2lo 



dtcke''^'{[T,y{t,x),T,y{0,0)]). 



(5.7) 



While one may simply use the gauge/gravity correspondence to directly calcu- 
late the above correlator, the authors of [41] were able to identify hydrodynamic 
behavior in the gravity dual by studying metric perturbations in the background. 
Thus they obtained an explicit expression for the shear viscosity in terms of the 
entropy density. Defining g = det^^jy, 



^=T 



-9 



\/-9oogpp 



dp- 



-gm9pp 



Ph •' Ph 



9 XX 



-9 



(5.8) 



^^The quarks arc not fully independent. The two worldsheets interact via graviton exchange 
in the bulk spacetime. 

^^ Brief reviews of relativistic hydrodynamics and their relevance to relativistic heavy ion 
collisions may be found in |13lll4j . 
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Figure 8: Experimental evidence for jet quenching in heavy ion colhsions 
(Source: [H]). 



Evaluating the above for the type II A or 11-dimensional background (|4.33p . 
(1131) yields 

^ = f. (5.9) 

S VK 

The above result confirms a general theorem [32] j [33] according to which the 
ratio r]/s — I/A-k is of the same value for a fairly large class of gravity duals. 



5.4 Energy Loss of a Heavy Quark 

Our final object of study shall be the radiative energy loss of a heavy quark 
traversing the plasma. Prior to exhibiting how this may be modeled in terms 
of the AdS/CFT correspondence and the G2 holonomy manifold we shall take 
a brief excursion into experimental data obtained at the relativistic heavy ion 
collider in order to see why radiative energy loss is a problem of interest. 

5.4.1 Experimental Background 

The relativistic heavy ion collider performs central Au+Au collisions at about 
200GeV. After the collision the system quickly reaches a local thermal equilib- 
rium at a temperature of about 170MeV and is assumed to be a quark-gluon 
plasmaji^ Naturally the plasma is not the only result of the collision. Instead 
there is also a number of partons whith energies of up to O (IGeV). One might 
expect that these should be created in two- or three-jet events. Specializing to 
back-to-back scattering, figure [HIb) shows the yield of such partons in terms 
of their angular distribution in the reaction plane. The concept is to wait for 
a trigger particle with transverse momentum 4 < pr.Trig. < 6GeV/c and then 
search for further particles with 2GeV/c < pT.Trig.- With the trigger particle at 
A$ = one sees clearly a suppression of such back-to-back events in the Au-|-Au 
heavy ion collisions in comparision to ordinary p-l-p scattering. The reason for 
this suppression lies in the fact that, as sketched in figure (H one of the partons 
needs to traverse the plasma. In doing so it interacts with the plasma leading 



^For a review of relativistic heavy ion collisions see I13| . 
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Figure 9: Jet Quenching in Relativistic Heavy Ion Collisions is due to radiative 
energy loss of a parton - here the antiquark q - traversing the plasma. 



to an overall energy loss. The answer to our initial question should be clear 
from this: As this phenomenon is specific to heavy ion collisions, it may be di- 
rectly attributed to the presence of the plasma and is therefore an experimental 
indicator to the QGP being created in the course of the experiment. 

When applying the AdS/CFT-correspondence to describe parton energy loss, 
there are two fundamentally different approaches. One, referred to in the liter- 
ature as the jet quenching calculation [Tn],[T7j models the problem in terms of 
ordinary particle physics and uses the correspondence exclusively for purposes 
of computation. The concept of the drag force on the other hand is intrinsi- 
cally stringy as the quark is depicted as a string hanging from a probe brane 
into the bulk geometry [Til US] • There is a further difference between the two 
approaches. While the former relies on the energy of the quark being highly rel- 
ativistic, the latter is not only free of this assumption but is moreover frequently 
used to make statements about the non-relativistic limit. 

5.4.2 Jet Quenching 

In the jet quenching picture, the energy loss of the high energy quark is cap- 
tured by the jet quenching parameter q which again is defined in terms of the 
expectation value of a Wilson loop: 

{W{C))^e-^^^'^" (5.10) 

Here C is a light- like Wilson loop in the a;^,x~ — ^ ~^ plane. The extension 
along the light-cone is L^ while that along x^ is L. One assumes L~ ^ L. 
One should note that albeit the loop being defined in Minkowski space, the 
exponential on the right hand side of (|5.10p is a real quantity. This is in contrast 
to (j3.18|) . which is defined in Euclidean space. 

The derivation of (jS.lOp is purely based on particle theory and rather non- 
trivial. We shall only briefly describe how q captures the phenomenon of ra- 
diative energy loss and why one may use a Wilson loop to calculate it. The 
interested reader is referred to the literature [H], [SD] for details on how (|5.10p 
arises. 

To answer the first of these questions, note that parton energy loss is directly 
proportional to the jet quenching factor, 

AEocqL-^. (5.11) 
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As to the question of why this may be calculated using a Wilson loop, consider 
the following: Due to the quarks high energy, we may think of it as actually 
moving along the light-cone. Interaction with the gluons of the plasma leads to 
color rotations. One may think of in- and out-st&tes related by a Wilson line 
along the light-cone 

|*out) = TrVe'^<^' '^-^' |^Pi„). (5.12) 

Expectation values involve the hermitian conjugate of this, leading to a Wilson 
line in the opposite direction. As L^ 3> i, one may join the two lines giving us 
the loop C. 

Taking a closer look at (|5.10p . a crucial observation is that we are dealing 
with the exponenential of a real quantity albeit using Minkowskian signature. 
This is directly related to the occurence of the light-like Wilson loop. Although 
it is technically possible to obtain a result for the jet-quenching factor using 
such a loop, as was done in [171, we will see that one needs to consider such a 
light-like loop as the limiting case of space- or time-like ones extending either 
down- or upwards from the flavor brane they are attached to. Note that while 
the original paper [15] considered only a space-like string stretching from the 
flavor brane towards the horizon and approaching the light-like limit from below, 
?; < 1, it was argued in [UlllHllini that all four cases need to be investigated. 
As the technicalities follow analogous steps in all four cases, we will only exhibit 
a detailed calculation for the space-like down string followed by some remarks 
about the three remaining configurations. 

The space-like down-string We consider the quark-qntiquark pair as mov- 
ing with constant speed v — tanhyy. Eventually we will take the limit w — > 1. 
At first we will assume the string to stretch from the flavor brane at pA = Apo 
towards the horizon at ph- We are interested in the limit A — > oo, the case of 
infitively heavy quarks. Moving to a coordinate frame in which the pair lies at 
rest leads to a new metric given by 

ffoo = x^ [-/ cosh^ T^ + sinh^ ry] (5.13) 



P 



ZNpH 



— I cosh ri 
P 



(5.14) 



_P_ 

Np 
P 



g^3^3 = ^^^ [cosh^ 11- f sinh^ 77] (5.15) 

[— /cosh?7sinh77 + cosh 77 sinh yy] (5.16) 



iNph 



with the other components as before in (|4.33p . As x^ will not appear in our 
calculations, we shall ignore the primes from now on and define x = x^ . In these 
coordinates the profile is that of a static quark-antiquark pair and therefore the 
same as in p.26p in section IXSl Note that if the elongation along x° = i in this 
reference frame is T, then it is L^ — T cosh 77 in the laboratory frame. 
The Nambu-Goto action is 

'5'ng = — 7 / daJ-goo {gxx + P''^9pp)- (5.17) 

7ra' Jo V 
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Ignoring the overall normalisation, 

^ = Y -500 {gxx + P''^9pp) 



P 



\ 3Np„ 



1 - 



cosh^ 77 



(5.18) 



igxx + p''^gpp)- 



While the second term is positive definite, the first term however might change 
sign, depending on the values of rj and A, with the A dependence arising as 
p € {po, Apo}. We see that as long as 



cosh ?7 > A^, 



(5.19) 



the Lagrangian £ is imaginary. This is what guarantees the exponent in (|5.10p to 
be real, as required. Therefore the limits 77 — > cx) and A — > cxd do not commute. 
The Hamiltonian is 



nj 500.9x2: 



K e i\t 



(5.20) 



In the problem in question k is purely imaginary, as the Lagrangian is imaginary. 
The profile is given by 



/2 9xx 

9pp 



-9oo9xx — K 



f P' 

k2 I 9N^pI 



1- 



cosh 1] 



(5.21) 



with K^ < 0. For this to be real and positive, one needs to impose constraints 
on K. 

coshS/- A^-gTV^A^I^I^ > (5.22) 

So from now on we shall assume IkI <C 1. 



Evaluating the length and the action We choose new coordinates, 

P = PhV L = Phi. (5.23) 

Then 

2 



2 C^P*^ 
l^— I (k = — dpp'~^ 

Ph Jo Ph J p^ 



= 2k| 



A 



4/ 



y 



9iV^ 



(5.24) 
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We are interested in the small I behavior, which is equivalent to assuming k to 
be small. Expanding the integrand gives 



y/y'^- 1 y Vcosh^ ri - ny^ 2 (cosh^ r/ - y'^)' 

y' 1 

1 Vz/^ - 1 Vcosh^ v-y^ 



6N\^\ I dy^^=^=^==+0(\K\' 



A 



«« |.|/\^l^+e,(M3 



cosh?7 J I J yo _ \ \ cosh 77 



(5.25) 



In the last equation we assumed that — o— is sufficiently small in order to de- 

^ cosn 77 -^ 

velop the expression in cosh~^ r\. In the A ^ 00 limit, the integral B is certainly 
divergent, which might raise the question wheter I may truly be considered to 
be small. Closer examination however shows that for large y, 

B -A3 cosh" S/. (5.26) 

As cosh^ ?7 > A^, our assumption about I is justified. 
Similarly to the lenght we may treat the action. 



,7- /-Aph /„2 2 

JNG 



^"' Jpu V \^f 



iTpo [^ , Jy^ (cosh^ v~y^) 



Sna'Nj, V 2/^-1 J cosh' r^ - y^ - \k\' y^9N^ 



iTpo [^ /y2 (cosh^ - y5) (5.27) 



i-Ka'N Ji ]j y^ - f 



, -f / ' I- Oil 

27ra' 7i ^2/5 - 1 ^cosh^ r; - yS ^ ^ 

" V ' 

A 

If one again only looks into the leading order behavior for cosh"^ 77, the O I |k| J 
term is 

5(^) = ^.inif^ r ^y_ . ,11^ (5.28) 

27ra'coshr/ J^ ^ ^y5 __ 1 30a'B ^ ^ 



Note the reappearance of the integrals A, B. Renormalizing the above action 
as described in section [X^ vields a counterterm that exactly cancels S'^"-'. So to 
first order in |k| we may work with S^^\ 
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The remaining configurations & jet quenching From equation (|5.2ip it 
follows that one may also consider a world-sheet ending on the flavor brane yet 
stretching away from the horizon s.t. p > Aph- Using the same approximations 
as for the down-string of the previous paragraph, one arrives at an expression 
identical to ()5.28|) except for the integration bounds. Once more, taking rj —f oo 
before A — > oo, the relevant integral B diverges. 

For the string with v > 1 one boosts to a faster than light frame. Technically 
this amounts to substituting cosh n t— > — rij— r and sinh n i— > , "'". , and eventually 

o ' 1 Sinn (, ' ztanlK, -^ 

taking the limit C — > 0. Keeping track of all the is appearing in the calculations, 
one arrives at (|5.28p for the down-string, thus recovering the v < 1 result exactly. 
In this case, there is no up-string solution. 

No matter which of the three configurations we use, we can write down the 
expression for the Wilson loop and extract the Jet-Quenching parameter 

{W{C)) = e*(^(c)-So) ^ e-^§^ ^ e-^^^'^" + O (^^ (5.29) 

hi each case the integral B is divergent, and so the jet-quenching factor vanishes. 

q = (5.30) 

On the non-commutativity of the limits taken As we have seen above 
and as was noted first in [46; the limits ?/ — > oo and A ^ cx) do not commute. 
In the same paper, Liu, Rajagopal, and Wiedemann give a very nice discussion 
of this issue, which we shall summarize here. 

Mathematics From a purely formal point of view, the first indication for 
noncommutativity is that one needs the Lagrangian to be imaginary in order 
for the expectation value to be real. This leads to 

A5 
— < 1. (5.31) 

cosh 7] 

Now regard (|5.25p . In going from the second line to the third, we need to assume 

yS A^ 

\ < 1 ^ 2- < 1- (5-32) 

cosh rj cosh rj 

While this is a pretty strong assumption, it is certainly satisfied if one takes the 
r] —f oo limit first. This corresponds with the ansatz taken in |T7] where the 
authors work with a light-like worldsheet in the first place. 

Physics As to physics, one need to consider that different types of Wilson 
loops may be used to study different physical problems. On the one hand, 
we have jet-quenching, related to a Wilson loop which is again related to the 
exponential of a real quantity. This is the regime cosh 77 ^ A. On the other 
there is the behavior of the (possibly moving) qq pair, where the Wilson loop is 
related to the exponential of an imaginary quantity. Here we have coshry <C A. 
Between these two regions there is a discontinuity at cosh 77 ~ A. 
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The authors of [46 go on to pomt out that if cosh 77 ^ 1 but cosh 77 < A, 
the screening length imax is given by 

'■''' (5.33) 



TT^/coshrjT 
Also, there is a size S associated with every external quark, given by 

S^^^J-. (5.34) 

M AT ^ ^ 

M = M (A) is the mass of the quark. So at the singularity, the screening length 
is similiar to the size of the quark 

S ~ ^max- (5.35) 

Now if 

1 < coshr; < A then S < L^ax (5.36) 

which confirms that the string represents a quarkonium meson. If we trust the 
above formulas to be true in the limit cosh 77 ^ A, albeit not having assumed 
this when defining Lmax, we realize that because of 

S > imax (5.37) 

the quark is bigger than its screening length, meaning that there are no qq bound 
states. So there are two different regimes with different physics, depending on 

cosher; ^A^ (5.38) 

If we want to examine certain physics, we have to make a choice on how to take 
the limit. 

5.4.3 Drag Force 

While the jet-quenching method described above only uses the gauge/gravity 
correspondence to calculate the expectation value of a wilson line, the concept 
of the drag force, which was introduced in [TTJI3S], is fully based on the existence 
of a holographic dual. The main idea is that if one is able to describe a massive 
quark-antiquark pair as an open string whose both ends are attached to a probe 
brane at large radius, one might be able to think of a single quark as a single 
string stretching from the probe to the horizon. Again one uses the Nambu-Goto 
action in order to study the string's dynamics. 

Generically the movement of the quark trough the plasma is governed by 

p^-fip + f, (5.39) 

where p is the quarks momentum, fi a damping coefficient, and / a possible 
external force. There are two situations of interest here, f — and p — 0. 
In the first case, it follows that - = — /i and therefore 

p{t) = e-^*p(0). (5.40) 

One may extract /i numerically from a quasi normal mode analysis of a string 
stretching between the probe and the boundary. 
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We shall however not perform the numerical analysis and instead only focus 
on the second case. A quark moving at a constant speed through the plasma 
satisfies p = 0. Yet as the plasma is continuously draining the quark's energy, 
there has to be an external force / constantly repleneshing the quark's energy 
and momentum. 

Again we place the probe brane at p = Apo- To study a single open string 
hanging down to the horizon, we assume a profile of the form 

T = t a — p x = x{T,a) (5-41) 

where in opposite to (|3.26p we allow x to depend on the time. The Nambu-Goto 
action (|3.19p yields the following equations of motion 

= -g^^g,,dr^ + d^Zilld^ (5.42) 



where we defined 



9 = gttgpp + gttgxxx''^ + gppgxxi^, 

2 "2 ^2 1 (5.43) 



1 ^- f(pW^ + -P ^±2 



9A^2^2 97V2p2^vr. 9iV2p2/(p)- 

We shall now examine the properties of a specific time-dependent solution. 
As we will see one may extract information about the string and the quark it 
describes without fully solving the equations of motion. 

Assume dtx = u, a constant. Then the equations (|5.43p and (|5.42p simplify 
to 



g = gttgpp + gttgxxx'^ + gppgxxv'^ 

p^ p^ f, . ,2 , P^ 1 2 



(5.44) 



m^pl m^pl'"''-^ QN^p'ofip) 



and 



= dp^^^^ (5.45) 



as drg = 0. This can be integrated once and solved for x' to give 

C^gpp {gtt + v'^ga^x) 



x'2 



gttgxx [gttgxx + C^) ' 



(5.46) 



where C is a constant of integration. 

Plugging this back into (fX^ . (fX^ yields 

dE „ Cv 



dt ' 27ra' 

dP „ G 



dt "" 2-na' 



(5.47) 
(5.48) 



We want the string to reach the horizon. To sec whether this is possible, 
we need to check if the solution is well defined in the region pvi < p < Ap^. As 
usual one needs to require \/—g, x'^ > 0. From 

V^ = -gttgxxx'C-^ (5.49) 
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it follows that \f--g is real if that is the case for x'^. A look at (|5.46p tells us 
that we cannot avoid its numerator to change the sign as long as ii ^ 0. Hence 
one needs to make sure that both the numerator and the denominator change 
sign at the same radial position p± . This amounts to solving 

att^9xxv^\p^^^ = = g^^gtt + C'^lp^p^ (5-50) 

for C. The former equation leads to p+ = p/i(l — w^)^/^, from which it follows 

that 

C= ^ -r. (5.51) 

■iN, (1 - i;2)V6 

Hence the energy and momentum loss are 

dP V 



dE _ v"^ 

dt GnNa' (1 - v^f^^ 



(5.52) 
(5.53) 



Going back to (|5.39p . setting p — 0, taking (|5.52p for — /, and making use of 
the relativistic relation p = /""" „ , leads to 

(1_, 2)3/10 

This result has some interesting properties. As long as we consider a' to 
be finite, the strict N ^ oo limit leads to a vanishing pm. So in this case 
there is no radiative energy loss. This agrees nicely with the vanishing of the 
jet-quenching factor q studied in section [l).4.2l Furthermore (j5.54p even extends 
that result to quarks of any non- vanishing masso If we only take A^ to be large 
however, equation ()5.54p seems rather awkward, as the damping decreases the 
faster the probe moves. 

Also one should not forget that we need a' to be small in order to use the 
supergravity approximation. More precisely, as was studied in section [STTl the 
't Hooft coupling behaves as A ~ A^ -57^ — sr- Thus 

iV3/2 

am ^ — ^ . (5.55) 

So making a definite statement about the fate of the damping coefficient p 
requires a more rigorous study of the relation between the gauge- and the string 
theory's couplings and energy scales. 



6 Conclusions 

We have constructed a new solution (|4.4p to the equations of motion of eleven- 
dimensional supergravity. As our discussion of its thermodynamical properties 



^*Note however that to take the limit m — > one needs to bring the probe brane arbitrarily 
close to the horizon. One should assume that something should happen in this case, i.e. the 
brane might fall into the horizon. 
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in section W7^ shows there is reason to doubt that it is dual to a four-dimensional 
gauge theory at finite temperature, leaving us with the question what the field- 
theory dual of the background in question is. Our comparison with the four- and 
eleven-dimensional Schwarzschild black holes shows however that the surprising 
thermodynamical features are to be expected from a solution that is purely 
gravitational in eleven dimensions. Therefore one might expect to find a better 
supergravity dual upon generalizing the ansatz (|4.ip such that the black hole is 
charged under the three-form gauge field of eleven-dimensional supergravity. 

Albeit these problems we were able to exhibit some of the expected features 
of a gauge-dual at T > 0, such as deconfinement and the universal ratio of 
shear- viscosity and entropy density. Further pathologies of our background are 
the negative specific heat and the vanishing parton energy loss. 

As to the issue of the specific heat one should call to mind the work done 
by Gubser and Mitra (SU [521 ES] i indicating that in fairly general settings a 
thermodynamic instability is leading to a dynamical one. 

One might also consider the following: While our derivation of the shear- 
viscosity to entropy ratio uses the concept of the stretched horizon introduced 
by Kovtun, Son, and Starinets [41j . one expects to obtain the same universal 
result from the more standard calculation based on the evaluation of the Kubo- 
relations. Now as the derivation of photon and dilepton production in the dual 
plasma [9] is quite similiar ot that of the shear-viscosity one might conjecture 
these quantities to behave better then the energy loss that was was discussed in 
this paper. 
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A The bundle structure of S^ 

We examine the bundle structure of S^, following the classic book by Nakahara 
|54j . The 3-sphere can be defined as 



J3 - 



{{zo,zi)eC'\\zo\' + \z,\^^l} (A.l) 
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In the language of [Si] this is our total space. Being a manifold, we can equip 
it with an open covering 

C/o = {(zo,^i)€53||^o|'<^} 

U^ = {{zo,z,)eS'\\z,f<^} (A.2) 

UonUi = {{zo, zi)\\zo\ = ^ = l^il} 

We claim that the base space is S'^ and the fibre S^ ~ ^(1)- To show this, 
let us first define the projection. 

TT : 5-3 ^ S'2 ~ CP^ 
{zo,Zi)^[{zo,zi)] = {X{zo,zi)\\eC\{Q}} 

Now on C/o,ii we know that zio 7^ and can thus choose A = z^q. That means 
we have the following coordinates on Vb.i = 7r(C/o,i): 

Co.i^— |Co.i|<l. (A.4) 

zi.o 

There is an overlap between the two coordinate patches 

^onVi = {|Co| = l = lCi|} (A.5) 

on which the coordinates are related as ^0 = Cf^- Our base space has thus the 
topology of two discs glued together along their boundaries and is therefore a 
two-sphere. 

To confirm that the fibre is indeed U{1), we need to examine tt~^. Choose 
( £ S^. We shall assume w.l.o.g. ( £ Vq- We can somewhat lift ( to CP^ by 
writing 

C-(C,1)^A(C,1) AeC\{0} (A.6) 

We are now looking for points in S^ which are projected onto this element of 
CP . This is summarised by the equation 

«:(zo,zi) = A(C,l) (A.7) 

The C- number k is redundant, leading us to 

(zo,zi) = (AC,A)^|Ancp + |A|2 = l (A.8) 

While this uniquely determines the modulus of A, its complex phase remains 
fully arbitrary. We can summarize this as 

7r-i(C)^Z^(l). (A.9) 

If we assume the structural group to be Z^(l), it is obvious that there is a 
well defined left action on the fibre. 

To define the local trivilisations, we shall use the open covering Vi of 5^ that 
we defined previously. Thanks to our work in the previous paragraphs, it is no 
work at all to write an explicit expression. 

<^o ■■ Vo X U{1) ^ 7r-\Vo) ^ Uo ,^ ^ 

, A, J.. (A.IO) 
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ith 



^-W-Jt^ (A.11) 



One can check that 

TT (re"^C, re"'') ^ A (re"^C, re"'') = {(, 1) = C- (A.12) 

A virtually identical definition holds for Vi. 

$1 : Vi X U{1) ^ Tr-\Vi) = Ui 



(A.13) 



Finally, we check the transition functions. Assume ( G Vb n Vi; it follows 
that C = e*^ 






-1 ,..._. ,„.. (A.14) 



This shows that the transition function is a simple shift in the fibre and thus 
certainly a diffeomorphism. Note that in going to the last line, we had to 
acknowledge that when going from Vq to Vi coordinates, we have to invert the 
element. 
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